Abstract. We prove that if an analytic map f := (f1, . . . , fn) : U ⊂ C n → C n admits an algebraic addition theorem then there exists a meromorphic map g := (g1, . . . , gn) : C n C n admitting an algebraic addition theorem such that f1, . . . , fn are algebraic over C(g1, . . . , gn) on U (this was proved by K. Weierstrass in dimension 1). Furthermore, (g1, . . . , gn) admits a rational addition theorem.
Introduction
The aim of this paper is to study maps admitting an algebraic addition theorem, maps whose coordinate functions can be viewed as limitting (degenerate) cases of abelian functions. Let K be C or R and M K,n be the quotient field of O K,n , the ring of power series in n variables with coefficients in K that are convergent in a neighborhood of the origin.
Definition. Let u and v be variables of C n . We say (φ 1 , . . . , φ n ) ∈ M n K,n admits an algebraic addition theorem (AAT) if φ 1 , . . . , φ n are algebraically independent over K and if each φ i (u + v), i = 1, . . . , n, is algebraic over K(φ 1 (u), . . . , φ n (u), φ 1 (v), . . . , φ n (v)).
The concept of AAT was introduced by K. Weierstrass during his lectures on abelian functions in Berlin in 1870 (see [12] ). He stated that the coordinate functions of a global meromorphic map admitting an AAT are either abelian functions or degenerate abelian functions. He proved it for dimension 1 and F. Severi in [10] (see also Y. Abe [1, 2] ) for dimension n. Weierstrass also proved the following extension result: the germ of an analytic function admitting an AAT can be transformed algebraically into the germ of a global function admitting an AAT; and he stated, without a proof, an n-dimensional version of it. As far as we know, no such proof existed in the literature so far. We prove it here as a consequence (Corollary 2) of the main result of the paper, that we now state.
and algebraic over K(φ), and an additional meromorphic series ψ 0 ∈ M K,n algebraic over K(ψ) such that,
(1) For each f (u) ∈ K ψ 0 (u), . . . , ψ n (u) , (a) f (u + v) ∈ K ψ 0 (u), . . . , ψ n (u), ψ 0 (v), . . . , ψ n (v) and
. . , ψ n is the quotient of two convergent power series whose complex domain of convergence is C n .
Corollary 2.
Any φ ∈ M n K,n admitting an AAT is algebraic over K(ψ) for some ψ ∈ M n K,n admitting an AAT and whose coordinate functions are the quotient of two convergent power series whose complex domain of convergence is C n .
We point out that this theorem gives not only an extension result, but also a uniform rational version of the AAT. In fact, given a φ admitting an AAT, we obtain the rational version in Theorem 1 (1a) through the coefficients of the polynomial asssociated to each φ i (u + v). Then, we obtain the extension result of Theorem 1 (2) by considering the rational expression obtained in Theorem 1 (1a). In particular, this shows that any φ admitting an AAT can be analytically extended to a multivalued analytic map with a finite number of branches. Thus, we provide a new way of proving Weierstrass' extension result in dimension 1, whose classical proofs go the other way around (and do not provide a rational counterpart): first it is proved the finiteness of the number of branches of the extension of such analytic φ and then, making use of the coefficients of the relevant polynomials, it is given a global univaluated meromorphic function admitting an AAT.
The motivation of the results of this paper is to study abelian locally KNash groups, for K = R or C. Charts at the identity of such groups admit an AAT. Locally Nash groups (i.e. for K = R) were studied by J.J. Madden and C.M. Stanton [8] and M. Shiota [11] , mainly in dimension 1. In particular, the Extension Theorem will allow us to reduce the study of simply connected abelian locally Nash groups to those whose charts are restrictions of (global) meromorphic functions admitting an AAT (see [3] ).
The results of this paper are part of the second author's Ph.D. dissertation.
The Extension Theorem.
For each ǫ > 0, let U K,n (ǫ) := {a ∈ K n | a < ǫ}. We will only consider convergence over open subsets of C n , let U n (ǫ) := U C,n (ǫ). We say that
. . , φ m is the quotient of two power series convergent on U n (ǫ).
As usual, by the identity principle for analytic functions, we identify O K,n with the ring of germs of analytic functions at 0, and M K,n with its quotient field. We will use without mention properties of O K,n , see e.g. R.C. Gunning and H. Rossi [6] and J.M. Ruiz [9] .
. . , v n ) be a 2n-tuple of variables. We will use the following notation:
We first check that there exists an open dense subset
Since W is an open dense subset of U K,n (ǫ), it is enough to show that W \ U is closed and nowhere dense in W . Clearly W \ U is closed in W because φ is continuous in W . To prove the density, we note that if
contains an open subset of U K,n (ǫ) and therefore
To finish the proof we will show that for each a ∈ U K,n (ǫ), there exists
For each a ∈ U , where U is as above, let
We have that U is dense in U K,n (ǫ) and P a = 0 for all a ∈ U . For each a ∈ U , we define
We note that E(P a ) > 0, for all a ∈ U . For each a ∈ U , let
where
Hence, for each a ∈ U , we have that
Since {z ∈ K (N +1) (n+1) | z = 1} is compact, taking a suitable subsequence we can assume that the sequence
Since α and β are continuous, when k tends to infinity equation (2.1) becomes
So dividing by β(u, a) N , we also have
and hence the polynomial
. . , φ n are algebraically independent over K and
Lemma 4. Let φ, ψ ∈ M n K,n and suppose that φ is algebraic over K(ψ). If φ admits an AAT then ψ admits an AAT. The converse is also true, provided φ 1 , . . . , φ n are algebraically independent over K.
Proof. Assume that φ admits an AAT, hence ψ 1 , . . . , ψ n are algebraically independent over K because φ is algebraic over K(ψ). To check that ψ u+v is algebraic over K(ψ (u,v) ) it is enough to show that ψ u+v is algebraic over K(φ u+v ), φ u+v is algebraic over K(φ (u,v) ) and φ (u,v) is algebraic over K(ψ (u,v) ). The three conditions above are trivially satisfied because φ admits an AAT and both φ is algebraic over K(ψ) and ψ is algebraic over K(φ). The converse follows by symmetry because if φ 1 , . . . , φ n are algebraically independent over K then ψ is algebraic over K(φ). Now, we adapt to our context a result on AAT due to H.A.Schwarz, see [7, Ch. XXI. Art. 389] for details.
Lemma 5. Let ǫ > 0 and let φ ∈ M n K,n be convergent on U n (ǫ) such that it admits an AAT. Then, there exist a finite subset C ⊂ U K,n (ǫ), with 0 ∈ C and C = −C, and
Proof. Fix i ∈ {1, . . . , n}. Let S 0 := {0} and 
We note that the elements of
2) for ǫ ′ = 2 −2 ǫ then we are done for this i letting ǫ ′ := 2 −2 ǫ, C := S 1 and A j := A 1,j , for each 0 ≤ j ≤ ℓ 1 . Otherwise, we can repeat the process to obtain sets S 2 , S 3 and so on, where the set S k is obtained from the set S k−1 as
is not 0. Similarly, we obtain K k := K(φ u+a,v+a | a ∈ S k ) whose elements are convergent on U 2n (2 −k ǫ). Since in the k repetition the degree of P k is smaller than that of P k−1 , this process eventually stops, say at step s. Letting ǫ ′ := 2 −s−1 ǫ, C := S s and We need two additional lemmas before proving the Extension Theorem.
Proof. Take ǫ > 0 such that φ ∈ M n K,n is convergent on U n (ǫ). Since φ admits an AAT, we know that φ(u + v) is algebraic over K(φ(u), φ(v)). Taking into account transcendence degrees, it follows that φ(v) is algebraic over K(φ(u+v), φ(u)). For some a ∈ U K,n (ǫ), we may substitute v by −u+a, so φ(−u + a) is algebraic over K(φ(u)). By Lemma 3, φ(−u) is algebraic over K(φ(−u + a)) and hence over K(φ(u)).
Proof. We will define a field L generated over K by certain elements of M K,n , next we will prove that each f ∈ L satisfy the conclusion of the lemma and finally we find a primitive element Ψ such that L = K(Ψ).
Let ǫ ′ ∈ (0, ǫ], C ⊂ U K,n (ǫ) and A 0 , . . . , A N ∈ K(φ (u+c,v+c) | c ∈ C) be the ones provided by Lemma 5 for φ. Let U be an open dense subset of U K,n (ǫ ′ ) such that
and by definition of b and ǫ ′′ , each A j (u, a + b) is convergent on U n (ǫ ′ ), for each a ∈ U K,n (ǫ ′′ ). Also, since each A j satisfies the equation (2.2) of Lemma 5,
For each j ∈ {0, . . . , N }, we define B j (u) := A j (u, b). Let
3) all the elements of L 1 are convergent on U n (ǫ ′ ) and in particular in U n (ǫ ′′ ). Let
Note that all the elements of L 2 are also convergent on U n (ǫ ′′ ). Hence, if we define
all the elements of L are also convergent on
We begin proving that
and that each element of L 1 is algebraic over K(φ). Fix j ∈ {0, . . . , N } and a ∈ U K,n (ǫ ′′ ). We recall from Lemma 5 that
and therefore, by Lemma 3, each element of
and, since by Lemma 6 we have that φ(−u) is algebraic over K(φ(u)), we deduce that each element of L is algebraic over K(φ(u)), as required. Next, we show that φ 1 (u + b), . . . , φ n (u + b) are algebraically independent over K. Let P ∈ K[X 1 , . . . , X n ] be such that P (φ u+b ) = 0. By notation, for each a ∈ U K,n (ǫ ′′ ), we have that P (φ u+b (a)) = 0 if and only if P (φ(a + b)) = 0. Hence,
Since V is open in U K,n (ǫ), P (φ) = 0 by the identity principle. Since φ 1 , . . . , φ n are algebraically independent over K, P = 0 and we are done.
Next, we show that L is finitely generated over K and its transcendence degree is n. Firstly, we note that φ is algebraic over K(φ u+b ) because the coordinate functions of φ u+b are algebraically independent over K and φ u+b is algebraic over K(φ) by Lemma 3. Since φ u+v is algebraic over K(A 0 , . . . , A N ), evaluating each A j (u, v) at v = b we deduce that φ u+b is algebraic over  K(B 0 , . . . , B N ) . Therefore, φ is algebraic over K(B 0 , . . . , B N ) . On the other hand, K(B 0 , . . . , B N ) is a subset of K(φ u+c | c ∈ C) and the latter field is algebraic over K(φ) by Lemma 3. Hence the three fields have transcendence degree n over K. Recall that C = −C, so K(φ −u+c | c ∈ C) = K(φ −u−c | c ∈ C). We also note that φ(−u) is algebraic over K(φ(u)), so K(φ u+c , φ −u−c | c ∈ C) has transcendence degree n over K. Now, C is finite and
, therefore, L is finitely generated over K and its transcendence degree is n.
Fix f ∈ L and let us check that f (−u) ∈ L and that there exists δ > 0 such that for every a ∈ U K,n (δ), f u+a ∈ L and f u+a is convergent on U n (ǫ ′′ ).
Since f ∈ L, there exist m, m ′ ∈ N, j(1), . . . , j(m + m ′ ) ∈ {0, . . . , N } and a 1 , . . . , a m+m ′ ∈ U K,n (ǫ ′′ ) such that f is a rational function of (B j(1) ) u+a 1 , . . . , (B j(m) ) u+am , (B j(m+1) ) −u+a m+1 , . . . , (B j(m+m ′ ) ) −u+a m+m ′ .
In particular, f (−u) is a rational function of
Finally, take ψ 1 , . . . , ψ n ∈ L algebraically independent over K and ψ 0 algebraic over , ψ 1 , . . . , ψ n ) . Now, since all the elements of L are algebraic over K(φ), ψ := (ψ 1 , . . . , ψ n ) admits an AAT by Lemma 4.
We now have all the ingredients to prove our main result.
Proof of the Extension Theorem. Let φ := (φ 1 , . . . , φ n ) ∈ M n K,n admit an AAT. Take ǫ > 0 such that φ is convergent on U n (ǫ). Applying Lemma 7 we obtain ǫ 1 ∈ (0, ǫ] and Ψ := (ψ 0 , . . . , ψ n ) ∈ M n+1 K,n as in the lemma. We next check that this Ψ satisfies the conditions of the theorem.
(
. Fix a non-constant f ∈ K(Ψ) and δ ∈ (0, ǫ 1 ] such that f u+a ∈ K(Ψ), for each a ∈ U n (δ), as in Lemma 7. Let 0 < ε < δ be such that f u+v is convergent on U 2n (ε). Let U be an open connected subset of U n (ε) such that Ψ(u) is analytic on U . In particular, Ψ (u,v) is analytic on U × U . On the other hand, if for each a ∈ U we have that g(u, v) := f (u + v) is not analytic in (a, a) then we would deduce that f (u) is not analytic on an open subset of U n (ε), a contradiction. Therefore, shrinking U we can assume that g(u, v) := f (u + v) is also analytic on U × U . By Lemma 7, we have that g(u, a) ∈ K(Ψ(u)) and g(a, v) ∈ K(Ψ(v)), for each a ∈ U . Hence, by Bochner [4, Theorem 3] 
K,n and f ∈ K(Ψ). This concludes the proof of (1).
(2) We may assume that ψ 0 = 0. Fix i ∈ {0, . . . , n}. We have already shown that ψ i (u + v) ∈ K(Ψ (u,v) ). Let A(u, v) := ψ i (u + v). By Lemma 7 and taking a smaller ǫ > 0 if necessary, we may assume that Ψ is convergent on U n (ǫ) and K(Ψ u+a ) ⊂ K(Ψ), for each a ∈ U K,n (ǫ). Let us show that there exists c ∈ U K,n (ǫ) such that exists ψ ∈ M n K,n admitting an AAT whose coordinate functions are the quotient of two convergent whose complex domain of convergence is C n and such that ψ is algebraic over K(φ). Since the coordinate functions of ψ are algebraically independent, φ is algebraic over K(ψ). 
